Problem with a solution proposed by Arkady Alt , San Jose , California, USA
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Solution.

1 n+l 1 n
First we will prove }gg((n + 1)(%) - n(“%) ) for0 <<

1\ 1
Leta, = (%) and a, = % then a, = (1+a,)" ,lim a, = 0 and

—_

n—0

L n
lim(H%> = lima, = lim(1 + a,)" = lime""(*en,

In(1 + a,)
ay

~ timna, = Llimn (7 1) = 1nJ7
then lima, = ™" = /7 and, therefore, hg.;% = 1, lim((n + a1 —nay) =
hm(anﬂ +n(an —an)) =t +}1i_ggn(an+1 —a,) = Jt +}7Lrgann( ntl 1) _
Ji+ ,/_l1mn(a’“rl 1)

Ansl
We have limn (4L - 1) - Li};g(nln el > — lim(nln 4221 ) —

In
an

Since lim In(1 + a,)" = limna, -
n—>o n—00

lim(n(n + 1) In(1 + ap1) — n*In(1 +@y,)).

Since In(1 +¢) =t - % +o(?) then n(n + 1) In(1 + ap1) —n*In(1 + a,) =

n(n+ 1)(an+1 - a%“ + 0(a,,+1)> (an - %ﬁ +o(a? ) = n2(Qps1 — 0p) + Nyt —
Mt 1 (@2~ ad) + -+ Dolad.y) — no(ed).

Noting that o, = t%T_l asymptotically equivalent to lnﬁ we obtain

o(@2,,) = o(a2) = o(nl ) and, therefore, lim(n(n + 1)o(a2,,) - n*0(a2)) = 0.

Also, we have limna,.1 = lim(n + Dau = InJz,limn?(ap - a,) =

1 1 1 1 .
—hmnz(t ntl —tn) = ——hmn ten — 1) = —In /7,

2 now 10
limnag,, = limna,. «lima, = In/7 -0 =0,

lim(@na + ) = fim(FT +07 ~2) = 0.Jimn* (@l - ad) -

lim 2 (@n = @) lim (@ + ) = (~1nJ7) -0 = 0.

Hence, lim(n(n + 1) In(1 + @ys1) — n*In(1 + @,)) = ~In /7 +In /¢ = 0 and, therefore,
Hm((n + 1)an —na,) = Jt.

Coming back to original problem in assumption a > b and denoting ¢ := %,we obtain

1 1 n+l 1 1 n
Li}g((ﬂ%—l)(a"” 5bn+1 ) _n(an ;b" ) ):




1 n+l 1 n
aLigg'}((n+l)<—l+§'1H ) —n(—l +2t" ) >=aﬁ = Jab.
1 1 n+l 1 1 n
In case a = b we have Li;g((n+l)<%> —n(%) ) —a=Ja*.

1 1 n+l 1 1 n
Thus, LLIE((” + 1)(%) - n(%) ) — Jab for any positive a, b.




